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Chapter 1
INTRODUCTION
1.1Introduction
In recent years, monitoring, repair, and renewal of existing structures such as
bridges and buildings have brought many challenges to civil engineers. It is well
known to civil engineers that fatigue leads to the bulk of structural failures. In plain
and reinforced concrete structures, fatigue might account for excessive
deformation, excessive crack widths, de-bonding of reinforcement and rupture of
the reinforcement, all of these can lead to structural collapse (Perdikaris and
Calomino, 1987). Fatigue crack propagation can be a method to predict a
remaining life of a structure, so herein will show some works that have been done
in order to analyze the fatigue crack growth for plain concrete. One of the most
important efforts that have been made is how to predict the remaining life of
structures based on variable amplitude of fatigue loads. This is done by proposing
an improved fatigue crack propagation law that takes into account the loading
history of a structure, frequency of the applied load, and the size effect parameters.
According to linear elastic fracture mechanics concepts, a fatigue crack
propagation law proposed by Slowik et al. (1996) is based on a variation of the
Paris Law (1963), which is an empirical law characterizing fatigue growth for
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metals including parameters such as fracture toughness, loading history, and
specimen size, except the frequency of externally applied load. Slowik et al. (1996)
have been worked to adopt Paris Law (1963) to be adjusted for concrete.
Therefore, they suggested that the fatigue crack propagation proposed law should
be able to account for: 1) effect of loading history and sequence; 2) acceleration
effect of spikes; and 3) size effect to be modelled for plain and reinforced concrete.
The concepts of fracture mechanics may be used as a mathematical tool for the
assessment of residual strength and provide models that can be used to determine
how cracks grow and how cracks affect the fracture strength of a structure. It is
well known that the fatigue accounts for a bulk of material failures. Thus it is a
well understood phenomenon for metallic structural components and causing
untreatable material damage, Paris and Erdogan (1963). In case of concrete, the
fatigue mechanisms are different from those in metals due to dissimilar fracture
behaviour.
A fracture process zone (FPZ) is a zone where the cement mortar matrix is
intensively cracked. ―Fracture of concrete is characterized by the presence of a
fracture process zone (FPZ) at the crack tip‖ Sain and Kishen (2007) as shown in
Figure (1.1). In the FPZ, there is no continuation for displacements while there is
continuity in stresses. Thus, the stresses consider as a function of the crack opening
displacement (COD). The tensile stress is equal to tensile strength of the material
2

at the tip of the fracture process zone and it progressively decreases to zero at the
tip of a true crack. It is assumed that in the very beginning the resulting damage
occurs in the FPZ under low-cycle fatigue loading due to decrease in load-carrying
capacity and stiffness, and it does not occur in the undamaged material, Foreman et
al. (1967). If the FPZ shows greater sensitivity to fatigue loading than the
surrounding material, then the fatigue behaviour can be considered to be dependent
on loading history, Slowik et al. (1996). Moreover, the size, shape, and fatigue
behaviour of the fracture process zone are dependent on specimen size and
geometry, Zhang et al. (2001). Therefore, loading history considers the most
important factor in fatigue behaviour of concrete and only a nonlinear fracture
mechanics model can describe it. Hence, the modification of metals‘ fatigue
growth law is necessary in order to estimate the fatigue strength in plain concrete.

Figure (1.1) Fracture Process Zone
3

1.2 Objectives and Scope
The objective of this study is to estimate the critical crack length and remaining
life of plain concrete test cracked specimens exposing to a number of load cycles.
Notches were introduced during casting, described by Slowik et al. (1996), but
herein will assume that each notch is increased by 10 mm as it is shown in table
(4.1). In addition, the effect of loading parameters and crack lengths, such as
loading frequency and initial crack length is based on the crack growth rate (C) of
a specimen.
The scope of this thesis involves the fracture mechanics approach, used as a
mathematical tool for assessment of residual strength, and structural reliability
theory, used as analytical tool to predict expected failure rate, using the results of
laboratory fatigue tests which were conducted by Slowik et al. (1996). Also, the
results obtained from the fatigue crack propagation law application, showed in
table (4.1), were analyzed using Monte Carlo Simulation and First Order
Reliability Method (FORM) to determine the state of a specimen either having
failed or being safe. In addition, an assessment of the parameters resulted from the
application, shown in table (4.1), was conducted to define their influence on the
reliability of the specimens.
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Chapter 2
LITERATURE REVIEW
2.1 Introduction
This chapter briefly summarizes the guides for durability and service life of
structures and reviews some of the existing literature, which show that the
prediction of the remaining life of a structure depends on several criteria such as
environmental impacts and fatigue assessments.
2.2 Literature Survey
Bazant, Z. P. and Pfeiffer, P. A. (1987) reported and analyzed a series of
tests on the size effect of concrete specimens due to simple fracture. The authors
proposed a definition for the fracture energy as a requirement for crack growth in
an infinitely large specimen. The definition theoretically eliminates the effects of
specimen size, shape, and the type of loading on the fracture energy values. The
authors faced the problem of how to create a correct size-effect law to be used for
infinite size. This paper shows that Bazant‘s proposed simple size-effect law is
applicable for this purpose as an approximation. Actually, when different types of
specimens were tested, including three-point bent, edge-notched tension, and
eccentric compression specimens, they found them to yield approximately the
same fracture energy values. Moreover, the size effect measured from R-curves
5

calculation for many types of specimens are found to have approximately the same
final asymptotic values for very long crack lengths, even though they differ so
much for short crack lengths. The fracture energy values found from the
approximation agree with the one for the crack band model when the test results
are fitted by finite elements. Applicability of Bazant‘s brittleness number is
validated by test results. Also, comparisons with Model ІІ shear fracture tests were
reported.
Banzant, Z. P. and Xu, K. (1991) discussed that the crack growth is caused
by repetitions of fatigue loads in similar cracked specimens, but different sizes are
measured by means of the compliance method which is a method used to
determine the length of cracks in fatigued metal specimens, and it has been
adjusted by Swartz et al. (1978) to work with plain concrete. This paper pointed
out that the Paris law (1963), ―which states that the crack length increment per
cycle is a power function of the stress intensity factor amplitude,‖ (Banzant, Z. P.
and Xu, K., 1991) is just valid for a very large specimen. Therefore, to obtain a
new law working with different sizes, the Paris law (1963) is combined with the
size- effect law for fracture under monotonic loading, which was proposed by
Bazant, Z. P. and Pfeiffer, P. A. (1987). A size-adjusted Paris law came from this
combination, ―which gives the crack length increment per cycle as a power
function of the amplitude of a size-adjusted stress intensity factor‖ (Banzant and
6

Xu, 1991). The size adjustment depends on the brittleness number of the structure,
which is the ratio of the structure size (d) to the transitional size (d0). The size
adjustment is governed by nominal stress and stress intensity factor. This paper
shows that the brittleness number for cycle loading is much less than that for
monotonic loading. Also, it shows that the size effect disappears for small
structures in terms of nominal stress amplitude and for large structures in terms of
stress intensity factor amplitude. To validate this point of view, the calculations
shown in this paper agree with available data.
Slowik at el (1996) investigated the fracture response of plain concrete under
low-cycle variable amplitude loading at frequencies up to 10 Hz. The seismic loads
on concrete dams were selected as loading history. The results for different
specimen sizes and loading histories showed that the damage is dependent on both
size and loading history. Moreover, based on experimental results, the spikes in the
loading history are likely to accelerate crack growth. Therefore, the following
model describing the crack propagation under variable amplitude cyclic loading is
proposed in this paper.
𝑑𝑎
=𝐶
𝑑𝑁

𝑚
𝐾𝐼𝑚𝑎𝑥
∆K nI
+ F a, Δσ
(K IC − K ISUP )P

2.1

Where KImax represents the maximum stress intensity factor in a cycle; KISUP
represents the maximum stress intensity factor ever reach by the structure in its
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past loading history; KIC is the fracture toughness; N is the number of load cycles;
∆KI is the stress intensity factor range; a is the crack length; m, n & p are constants
for structure size; F(a,∆σ) is a function obtained for certain specimen geometries
by unloading and reloading at several load levels in the pre-peak region and
calculating the equivalent crack lengths from corresponding compliances; and
parameter C represents the crack growth rate per fatigue load cycle which given
by:
𝐶 = −2 + 25

𝐿
10−3
𝑙𝑐

𝑚𝑚
𝑐𝑦𝑐𝑙𝑒

(2.2)

Where lch is characteristic length and L is ligament length.
Chown at el (1996) discussed the need for substituted information which
leads to service life prediction and durability research in roofing systems. Also, it
identifies the immediate action to maintenance management and capital renewal.
The authors discuss many opportunities that are available today to assist asset
managers, who are faced with many difficult decisions regarding when and how to
repair their building stock; including process re-engineering techniques and
information technology tools. Furthermore, this paper outlines the most critical
contributions by National Research Council Canada (NRCC), Public Works and
Government Service Canada (PWGSC) and others in area of service life prediction
and related durability research, which describes existing guides and standards in
8

this field, and identifies future developments. The authors also identify tools and
techniques from area of service life and asset management that could assist the
roofing industry. This paper points out that in order to solve the problems of
deferred maintenance and expensive capital renewal, which asset managers‘ face,
are not imminent or clear, but at least the Building Envelope Life Cycle Asset
Management project (BELCAM) attempt to addresses such problems in roofing
asset management.
Liang et al (1999) discuss the durability and service life of reinforced
concrete structures. Due to the importance of chloride diffusion property in
reinforced concrete structures, which effects the deterioration of reinforced
concrete structures because it will follow by reinforcement corrosion, this paper
points out that chloride diffusion will be reference for designing cover thickness of
reinforced concrete structure and reinforcement corrosion. In this study, the
mathematical model, used to estimate service life, depends on Fick‘s second law of
diffusion Tang & Nilsson (1992) and McGrath & Hooton (1996); previous
laboratory tests and empirical results from existing reinforced concrete structure
was expressed. The model can be used to predict service life in practical situations,
but there is still some challenges in developing a mathematical model for service
life prediction because it will be affected by different parameters which included
material characteristics, climatic environment, and construction method. The
9

service life of a reinforced concrete structure can be divided into two stages the
initiation period and the propagation period. The initiation period is defined as the
time from exposure until chlorides have penetrated the concrete cover and chloride
content of the concrete structure in contact with the reinforcing steel is high
enough to start corrosion. The propagation period is considered to be the time from
when the reinforcing steel starts to corrode until a critical limit of material
property, mechanical strength for example, has been reached (Liang et al., 1999).
The main purpose of this paper is to present a practical model for predicting
service life in existing reinforced concrete structures by using the initiation period
stage. In order to verify the accuracy of the used model the results were compared
with experimental results previously obtained by Yang (1994) who used a special
test to measure the diffusion coefficient. Furthermore, the mathematical model for
service life prediction, which is presented here, can be used to estimate the service
life which may be used for planning future maintenance and repair of reinforced
concrete structures.
Christos et al. (2001) tested the impacts of glass fiber reinforced polymer
(GFRP) composite rehabilitation systems on the fatigue performance of reinforced
concrete beams. Experiments were done on beams with and without GFRP
composite sheets on their tensile surfaces. The specimens were reinforced concrete
beams with adequate transverse reinforcement to avoid the failure by shear forces.
10

The results showed that the fatigue life of reinforced concrete beams with the given
size subjected to the same cycling load can be clearly extended through the use of
externally bonded GFRP composite sheets. The study found that the fiber
strengthening system increases the fatigue life of beams, but the failure mechanism
and fatigue of the steel reinforcement remain the same in both strengthened and
nonstrengthened beams. Therefore, the prediction of the fatigue life of a cyclically
loaded beam using existing fatigue models will be possible.
Moser & Edvardsen (2002) pointed out the work that has been done to the
service life prediction under the wings of the international union of laboratories
and experts in construction materials, systems and structures (CIB/RILEM)
working Commission 175 ―Service Life Methodologies,‖ in close co-operation
with international organization for standardization (ISO TC 59/SC 14) ―Building
Construction Design Life.‖ Three subtask groups were established in 1999 under
the heading ―Performance based methods of service life prediction‖. (Moser &
Edvardsen, 2002) For one group, the goal was set to develop generally applicable
―Engineering Design Methods (EDM)‖ for service life design which considers in
between the probabilistic and factorial methods. In 2002 all groups classified the
EDM either by simplifying scientific models or by expanding the factorial method
towards the more complicated model to be a basis for future developments. This
paper gives some explanations about Probabilistic and Factorial methods in terms
11

of their applications. However, the major point in this paper is about Engineering
Design Methods which are useful in many cases in which data is lacked. Also, this
paper shows three examples for EDM applications. The first example is an
expansion of the factorial method, including estimated service lives for windows in
all four faces for a squared building of a length 50 m and a width of 25 m and a
height of 30 m. The second example is a modification of the factorial method,
dealing with service life of fibre cement slates used as wall cladding. The third
example is simplification of the probabilistic method, dealing with chloride ingress
into concrete. These examples show the benefits of EDM for predicting service life
of structures even when the direct applicable data is not available.
Wolf (2004) discussed the major requirements relevant to any service life
prediction methodology including initial method proposed, and suggested future
developments. As result, the research had unimportant impact on development of
an effective approach for durability design, but both American society of testing
material (ASTM) and international union of laboratories and experts in
construction materials, systems and Structures (RILEM), have developed technical
documents providing a big picture for what is required in developing test method
for use in collecting information needed in service life prediction (SLP). This paper
pointed out that it is possible to obtain the key points from ASTM (E632-88), and
from RILEM Technical Recommendation numbers {2,3}, which are included
12

definition phase, preparation phase, pre-testing phase, exposure and evaluation
phase, assessment phase, and interpretation and reporting phase. To estimate the
service life of a building system and its components, this paper ignored a number
of key variables, which are critical to the SLP process, such as the design level, the
work execution level, and maintenance level. Also, it is pointed out the connection
between reference service life (RSL), which can be obtained from laboratory
experiments, and estimated service life (ESL), which can be expected under
specific service conditions. Also, this paper showed the SLP method classifications
that have been proposed by many researches, and those methodologies are
Factorial Method, Probabilistic Method and Engineering Method.
Hongseob et al. (2005) reported a simple life span prediction method is
proposed for bridge decks based on cumulative damage theory. Cyclic loading was
applied to test panels, which were reinforced with carbon fiber sheets (CFS). The
strengthened panels were subsequently examined under cyclic loads. The response
to fatigue loads differed from the results of static tests. Isotropic reinforcement was
found to be more effective than unidirectional strengthening.
Sergio et al. (2005) discussed the awareness of the need to rehabilitate an
aging infrastructure. The use of carbon fiber-reinforced polymer (CFRP)
composite has been known as a successful technique for use in strengthening
deterioration. The paper showed the results of an experimental program that
13

involved the fatigue testing of ten specimens of reinforced concrete beams
strengthened using two different types of externally-bonded CFRP composites,
which are leading to the bond between the composite laminate and surface of the
concrete can decline at load amplitudes corresponding to extreme load conditions
for a bridge. These results show that an upper limit on stresses generated along the
composite-concrete interface might have to be set during design to avoid premature
debonding after a limited number of load cycles.
Sain & Kishen (2007) pointed out that, based on fracture mechanics
conception, a fatigue crack propagation model for concrete was proposed. The
proposed model takes into account the loading history, frequency of applied load,
and size effect parameters. To assess the residual strength of cracked plain and
reinforced concrete beams, the paper described a method which is based on linear
elastic fracture mechanics. The model can be used to predict the residual strength
of cracked or damaged plain and reinforced concrete beams at a given level of
damage. It can note that the fatigue crack propagation rate increases whenever the
size of plain concrete beam increases showing an increment in brittleness. On the
other hand, the fracture process in reinforced concrete becomes stable only when
the beam is extremely reinforced.
Sain & Kishen (2008) discussed that in plain and reinforced concrete
structures, fatigue is considered as a main structural failure. Fatigue might lead to
14

main distortions, big crack widths, de-bonding of reinforcement and rupture of
reinforcement or leading to structural collapse. The rate of fatigue crack growth in
concrete relies on many parameters, such as, the tensile strength, stress history,
stress intensity factor range and fracture properties which are random in nature.
This paper computed the probability of failure of concrete beams under fatigue
loading using the model proposed by Slowik et al. (1996) by considering different
parameters responsible for fatigue failure as arbitrarily distributed. Also, the
sensitivity of different parameters included in fatigue process relating to failure is
studied using stochastic sensitivity analysis. It is shown that the reliability relies on
the maximum stress level beside cyclic stress range. Moreover, it is noted that the
reliability is more sensitive to the frequency of applied loading, followed by
maximum cyclic stress value and the initial crack length.
2. 3 Standards’ Review
Several standards and guides have been published to assist engineers in
predicting service life of a structure. Furthermore, these standards and guides in
particular assist the communication of information of design life and durability
between the parties involved in a building product. On the one hand, it is to assist
clients, designers, manufacturers, contractors and specialists.
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2.3.1-British Standard BS7543.
The British guide recommends that service life is achieved by reference to
previous experience with a similar construction, measurements of the natural
deterioration rate or results from accelerated tests. It is recommended that more
than one approach be used, as the methods may be inaccurate. There is a lack of
information regarding whether or not one method is much better than the others.
Another issue not being addressed is the possibility of calculating service life for a
structure under one set of conditions using information for other conditions.
2.3.2-The Canadian Standard S478.
The Canadian guide drew on work done during the development of the
British standard institute (BSI) guide, but in due time evolved in width and depth.
Unlike the other guides, the Canadian guide also includes renovated buildings.
Information is given regarding when to use which service life assessment method
and whether more than one method should be used. Like the BSI guide, the
Canadian guide does not offer calculation routines for calculating service life.
2.3.3-The Japanese Principal Guide.
The Japanese guide states that service life may be predicted for the whole
building, parts of the building or its elements, components or equipment. The end
of the service life is determined by physical deterioration or by obsolescence.
Assessment of physical deterioration is based on an assessment of the deterioration
16

level at the end of the service life and the length of the service life. Based on these
values, an annual physical deterioration, valid for one climate, can be calculated.
Calculation of the predicted service life under other stresses (level of use, climate
etc.) and with other material qualities is performed by including factors in an
equation which links the predicted service life to the reference service life. The
reference life is added to or multiplied by these factors, which describes the
influence from environmental agents, quality of work, quality of materials etc.
2.3.4-International Standards.
Work with International Standard Organization (ISO) aims to provide a
methodology for assessing, a first draft of the standard was presented in Delft, The
Netherlands (in the IS0 TC59/SC3/WG9 meeting), in April 1995. This document
presents the generic principles which can be applied in estimating the expected life
of a building of any type to be built in any environment. It can also be applied in
estimating the remaining life of an existing building. However, while the principles
are generic, tables are provided to help assess the lives of materials and
components in a building that may not cover every eventuality. The standard is in
five parts:
Part I presents general principles for evaluating whether the expected service life
will be at least as long as the design life.
Part II details the methods to be used in determining the expected life.
17

Part III presents information on quality assurance, maintenance and performance
audits.
Part IV provides references to relevant standards and other literature, and a
glossary. Recognizing that computers will almost always be used in applying the
standard.
Part V recommends formats for the data to be used and the reports to be generated.
2.4. Service Life Prediction Methodologies
Several service life prediction methodologies have been proposed, which
can be classified into three main categories: 1) Probabilistic, 2) Factorial and 3)
Engineering.
2.4.1. Probabilistic methods
Understanding the stochastic nature of the variables involved in service life
prediction (SLP), a probabilistic approach is needed, if the uncertainties in
predictions are to be properly assessed. The approach is the same as that for
performance-based structural design, except that the load, S, and resistance, R,
which are time-independent quantities in structural design, have to be considered
as functions of time, S(t) and R(t), for a performance-based SLP. Given the timedependency and large uncertainties of the performance of building components, it
is necessary to adopt a stochastic model and use stochastic process theory for the
SLP, at least at a first stage. In these methods, degradation is regarded as a
18

stochastic process and for each performance property, during each time-period a
probability of deterioration is defined. Computations are based on probabilistic
models and require sophisticated inputs in the form of probabilities. Lounis et al.
(1998) suggest that, at a later stage, it would be possible to transform the timedependent probabilistic model into a time-independent model that has been
‗calibrated‘ through extensive performance and service life data. Such a practical
and reliable durability design approach should overcome the shortcomings of the
factorial method while avoiding the difficulties of a full time-dependent
probabilistic approach. As a first step, a time-independent, semi-probabilistic
approach has been developed as an intermediate solution to the design problem.
2.4.2. Factorial method
This approach to service life prediction was developed by the Architectural
Institute of Japan (AIJ), Anonymous (1993). It suggests that the estimated service
life of a building component (ESLC) can be determined by adjusting an assumed
‗standard life‘ (SLC) by multiplication with different factors that account for the
use, location, and workmanship:
ESL = SL * A * B * C * D * E * F * G

(2.3)

The following factors are used for adjustments:
A: quality of components (products)
B: design level
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C: work execution level
D: indoor environment
E: outdoor environment
F: in-use conditions
G: maintenance level.
The benefit and—at the same time—the limitation of the factorial method is its
simplicity. While the calculation requires very little resources, the simple approach
may cause users to underestimate the actual difficulty of the degradation processes
of building materials and components. Despite its practicality, the approach has
several shortcomings, Lounis & Lacasse (1998), including:
1. It is not performance based and as such provides no identification of adopted
minimum performance requirements.
2. It implies a somewhat arbitrary choice of standard lives and adjusting factors.
3. It uses a deterministic approach, despite the large uncertainty and variability of
the service life.
2.4.3. Engineering design method (EDM).
EDM is methodically fitting in between the probabilistic and the factorial
methods. As a first engineering design method, a principle solution is proposed
which can be applied to the factorial method for standard cases as well as to other
set-ups employing mathematical relations for service life. This is achieved by not
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using plain factors but probability density functions instead. These are established
using reliable and understandable engineering techniques. However, the major
point about Engineering Design Method is useful in many cases that lack data. One
of these methods is called the recursive Delphi method, which included data as far
back as the 1980‘s in the field of industrial risk engineering.
2.5 Environmental impacts on building components
The causes of structural faults include poor design, use of inferior materials
during construction, poor construction techniques, wear and tear, insufficient
monitoring / maintenance, misuse and severe natural structural actions such as
earthquake. Functionally obsolete structures can be brought about through changes
in use or changes in building and transport law. The pathological study of
deteriorated concrete structures shows that damage has resulted from the
deterioration of materials, design errors, manufacturing shortfalls or accidents.
Karbhari (1998) identifies some of the main causes of deterioration of
infrastructure as:
1_ Corrosion of structural steel
2_ Corrosion of reinforcing steel in concrete
3_ De-icing salts
4_ Freeze/thaw cycles
5_ Vehicle tyre chains
6_ Scour
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Chloride ingress, due to capillary suction or diffusion, is one of the most important
causes of corrosion of the reinforcement in concrete structures. This is certainly the
case for constructions that are highly exposed to chlorides such as on-shore
constructions in marine environments. Therefore, Chloride ingress is one of the
most important actors in the corrosion process of concrete reinforcement rods.
Especially for off-shore and marine constructions the exposition to chlorides from
sea water and marine air play an important role. Also, the concrete of swimmingpools or sanitarian installations is heavily exposed to water rich in chlorides. The
ingress of chloride ions into the pores of concrete is caused by diffusion through
the pores if they are filled with water or by capillary suction if the pores are empty.
When the chloride ions reach the reinforcement bars, the passivating oxide layer
may be depassivated, which initiates the local corrosion of the rods. Based on the
measured material properties and chloride profiles, a service life prediction can be
performed using reliability and stochastic concepts. It is becoming increasingly
important to be able to predict the service life of concrete for new constructions
and/or concrete in-service. For example, life predictions are a necessary input to
life-cycle cost models, which consider both the durability and cost of concrete.
While this approach is not often used, it is likely to have an increasingly important
role in designing and evaluating concrete because of a) applications that require
significantly increased service lives (as off-shore constructions), b) increased use
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of concrete in harsh environments (marine climate), c) the high cost of rebuilding
and maintaining the nation‘s infrastructure, and d) the development of high
performance concrete for which a record of long-term performance is not available.
2.6. Fatigue analysis and assessment procedure for steel structures
2.6.1. Limitation
The fatigue assessment of an existing structure results in a statement about the
safety of the structure under cyclic loading for a specified remaining fatigue life.
The application of the recommendation presented herein is restricted to structures
under normal environmental conditions and temperatures between – 40 and 150 C.
Assessment of structures exposed to fire is not considered. Assessment under low
cycle fatigue, as during seismic activities, is not included either. Finally, the
assessed element itself must be inspectable.
2.6.2. Fatigue assessment procedure
For the fatigue assessment, a step-by-step procedure is proposed. The proposed
stepwise procedure is based on a general procedure developed by the Joint
Committee for Structural Safety (JCSS) and published in 2001, Vrouwenvelder, T.
(2001), which further enhanced with focus on existing steel bridges exposed to
fatigue loading. If the assessment using this procedure proves a sufficient
remaining fatigue life in one of the early phases, the later following phases can be
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disregarded. The assessment consists in the application of the following proposed
phases.
I.

Preliminary evaluation. Removal of existing doubts about safety of the
structure using fairly simple methods. Information from visual
inspection, including, for example, information from Bridge Management
Systems (BMS) and own inspection on site. The owner is informed in a
first report.

II.

Detailed investigation. The engineer may need the help of specialized
laboratories and experts for assistance. Information on the structure and
loadings are updated using specific tools as refined calculation models or
more realistic traffic loads. If the result is negative, different proposals
can be given to the owner in a second report.

III.

Expert investigation. A refined static model is used for probabilistic
evaluation and fracture mechanics for establishing final decisions.
Measurements help to obtain refined data from the structure and about
loading. Advanced NDT (Nondestructive Testing) may be used in cross
sections specified with the updated model. An expert report informs the
owner.

IV.

Remedial measures. Making the structure fit for purpose again by using
special measures such as intensifying monitoring, reduction of loads,
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change in use, strengthening, repair or rehabilitation. A final report
summarizes the results of all working steps. All remedial measures,
possible from the technical point of view are proposed. The report will
give all information, which the owner of the structure needs for an
economical decision about further measures.
2.7. Conclusion
An overview of current literature, methods and standards used for predicting
service life of buildings is given. A review is provided that contrasts the less
practical against the more useful models and aspects of national and international
standards and guides. Also, a general picture of environmental impacts and fatigue
assessment procedures for both steel and concrete structures is described.
However, one of the improvements needs in the methods for predicting service life
of a structure is to use fatigue analysis based on fracture mechanics such as interior
stresses that occur in reinforced concrete building beams and columns to predict
the service life.
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Chapter 3
FRACTURE MECHANICS
3.1 Introduction
The cracks in a structure can cause structural failure even at stresses
resulting from fatigue loads below the yield strength of the structural material. The
concepts of fracture mechanics might be used as a mathematical tool for
assessment of residual strength. Further, when cracks are present in a structural
material, fracture mechanics principles can be used to analyze the stress fields in
the presence of defects. Three main factors, material toughness, crack size, and
stress level, control the feeling of structures to fracture. Linear-elastic fracture
mechanics (LEFM) theory has been developed to relate the magnitude and
distribution of stress field in the vicinity of crack tip to the stress (or load) applied
to the structures (Choi, J.H. 2000).
3.2 LEFM Approach to Fatigue Crack Propagation
To use linear elastic fracture mechanic (LEFM) in fatigue crack propagation,
a number of empirical laws characterizing fatigue crack growth have been
proposed and are used nearly exclusively for metals. However, attempts to adopt
these models to concrete were met with limited success (Slowik et al. 1996). The
most common used fatigue crack propagation laws are the following.
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3.2.1 Paris Law
Paris Law (1963) is considered as the simplest and most commonly used
fatigue crack propagation law, and it is form as following.
𝑑𝑎
𝑑𝑁

= c(∆KI )

n

(3.1)

Where:
∆𝐾𝐼 is stress intensity factor range, 𝑎 is crack length, 𝑁 is the number of cycles,
and 𝐶 and 𝑛 are material constants. This law was used by Perdikaris and Calomino
(1987) to simulate their experimental results, and whereas an exponent (𝑛) equal to
13.5 was determined. Slowik et al (1996) reported that errors as high as 100 %
were found using this model in fatigue life prediction. Bazant and Xu (1991) used
the following size-adjusted Paris law (1963), based on the size effect law for
concrete (Bazant and Pfeiffer, 1987).
𝑑𝑎
∆K I n
= C(
)
𝑑𝑁
K IC

(3.2)

Where:
𝐾𝐼𝐶 = 𝐾𝐼𝑓 (

𝛽 1
𝑑
)2 ; 𝛽 =
1+𝛽
𝑑0

(3.3)

Where
𝐾𝐼𝐶 represents fracture toughness of concrete, 𝐾𝐼𝑓 represents the fracture toughness
of an infinitely large structure, 𝑑 is the characteristic dimension of the structure, 𝑑0
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is an empirical constant, and material parameter β, which is called brittleness
number (Bazant and Pfeiffer, 1987) and is determined in laboratory tests.
Bazant and Xu (1991) and Bazant and Schell (1993) showed that for both normal
and high strength concrete (𝐶) does not need to be adjusted for size if ∆𝐾𝐼 is
adjusted. However, as (𝑑0 ) in equation (3.3) have to be different in fatigue loading
than in the monotonic one, this obviously cannot have a physical justification.
Moreover, the size-adjusted Paris Law has been validated for constant amplitude
loading and one particular load range only.
3.2.2 Forman’s Law:
When Farman (1967) compared his experimental data with Paris law (1963), he
found that it was clear that Paris law does not account for the fast Increase in crack
growth rate when the maximum stress intensity factor (𝐾𝐼𝑚𝑎𝑥 ) approaches the
fracture toughness (𝐾𝐼𝐶 ). Thus, Forman modified the Paris law as following.
𝑑𝑎
K Imax ∆K m
I
=C
𝑑𝑁
K IC − K Imax

(3.4)

Where
∆𝐾𝐼𝑚 represents the stress intensity factor range, 𝐶 𝑎𝑛𝑑 𝑚 are material parameters.
3.2.3 Walker’s Law:
Walker's (Walker 1970) model is yet another variation of Paris law (1963) which
accounts for the stress ratio. Therefore, he adjusted as following.
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𝑑𝑎
n
= CK m
Imax ∆K I
𝑑𝑁

(3.5)

Where
𝐾𝐼𝑚𝑎 𝑥 represents the stress intensity factor that corresponds to the upper fatigue
load limit and 𝐶, 𝑛, and m are material parameters.
Neither Walker‘s law nor Forman‘s law account for loading history, but Forman‘s
law accounts for the fast increase in the rate of crack growth when the maximum
stress intensity factor approaches the fracture toughness.
3.3 The Fracture Mechanics Approach to Design
Figure (3.1) compares the fracture mechanics approach with traditional approach to
structural design and material selection. In the latter case, the anticipated design
stress is contrasted to the flaw properties of candidate materials; a material is
assumed to be adequate if its strength is greater than the expected applied stress.
Such an approach might try to guard against brittle fracture by assuming a safety
factor on stress, combine with minimum tensile elongation requirements on the
material. The fracture mechanics approach figure (3.1(b)) has three important
variables, rather than two as in figure (3.1(a)). The additional structural variable is
a size, and fracture toughness replaces strength as the relevant material property.
Fracture mechanics quantifies the critical combinations of these three variables
(Anderson, 2005).
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Yield or Tensile
strength

Applied Stress

(a)
Applied Stress

Fracture Toughness

Flaw Size
(b)

Figure (3.1) Comparison of fracture mechanics approach to design with the
traditional strength of material approach: (a) the strength of material approach and
(b) the fracture mechanics approach.
There are two alternative approaches to fracture analysis: energy criterion
and the stress intensity approach. These two approaches are equivalent in certain
circumstances. Both are discussed briefly below.
3.3.1 The Energy Criterion
The energy approach states that crack extension (i.e. fracture) occurs when
the energy available for crack growth is sufficient to overcome the resistance of the
material. The material resistance might include the surface energy, plastic work, or
other types of energy dissipation associated with a propagating crack.
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The first proposed energy criterion for fracture was by Griffith (1920), but Irwin
(1956) is primarily responsible for developing the present version of this approach:
the energy release rate (𝐺𝐼 ) which is defined as the rate of change in potential
energy with the crack area for a linear elastic material, Anderson, (2005).

At the

moment of fracture (𝐺𝐼 = 𝐺𝐼𝐶 ), the critical energy release rate, which is a measure
of fracture toughness, for a crack of length 2a in an infinite plate subject to a
remote tensile stress figure (3.2), the energy release rate is given by
𝜋𝜎 2 𝑎
𝐺𝐼 =
𝐸

(3.6)

Where
𝐸 means Young‘s modulus, σ is the remotely applied stress, and 𝑎 is the half-crack
length.
At fracture (𝐺𝐼 = 𝐺𝐼𝐶 ), the equation (3.6) describes the critical combinations of
stress and crack size for failure.
𝐺𝐼𝐶

𝜋𝜎𝑓2 𝑎𝑐
=
𝐸

(3.7)

Note that for a constant (𝐺𝐼 ) value, failure stress 𝜎𝑓 varies with 1/ 𝑎. The energy
release rate (𝐺𝐼 ) is the driving force for fracture, while (𝐺𝐼𝐶 ) is the material‘s
resistance to failure. To draw an analogy to the strength of materials approach, the
applied stress can be viewed as the driving force for plastic deformation, while the
yield strength is a measure of the material‘s resistance to deformation.
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Figure (3.2) Through-Thickness Crack in an infinite plate subject to a remote
tensile stress.
The tensile stress analogy is also useful for explaining the concept of similitude. A
yield strength value measured with a laboratory specimen should be applicable to a
large structure; yield strength does not depend on specimen size, provided the
material is reasonably homogeneous. One of the fundamental assumptions of
fracture mechanics is that fracture toughness (𝐺𝐼𝐶 in this case) is independent of
the size and geometry of the cracked body; a fracture toughness measurement on a
laboratory specimen should be applicable to a structure. As long as this assumption
is valid, all configuration effects are taken into account by the driving force (𝐺𝐼 ).
The similitude assumption is valid as long as the material behavior is
predominantly linear elastic, Anderson, (2005).
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3.3.2 Stress Intensity Factor (𝐾I) Approach
The stress intensity factor (𝐾I) describes the magnitude (intensity) of the
stress field ahead of a typical crack in a linear-elastic and homogeneous material.
By using Liner Elastic Fracture Mechanics (LEFM), Irwin (1957) also showed the
stress fields in the adjacency of a crack tip. The following equations from
equations (3.8) to (3.13) represent the stress field subjected to the first mode (Mode
I) of deformation. The cylindrical polar coordinates of a point with respect to the
crack tip are sketched in Figure (3.3).
σx =

𝐾𝐼
2𝜋𝑟

σy=
τxy=

𝑐𝑜𝑠

𝐾𝐼
2𝜋𝑟
𝐾𝐼
2𝜋𝑟

𝜃

𝑐𝑜𝑠

𝜃

3𝜃

2

2

1 − 𝑠𝑖𝑛 . 𝑠𝑖𝑛

2
𝜃
2

𝜃

3𝜃

2

2

1 + 𝑠𝑖𝑛 . 𝑠𝑖𝑛

𝜃

𝜃

3𝜃

2

2

2

𝑐𝑜𝑠 . 𝑠𝑖𝑛 . 𝑐𝑜𝑠

(3.8)
(3.9)
(3.10)

σz= 0 𝑃𝑙𝑎𝑛𝑒 𝑆𝑡𝑟𝑒𝑠𝑠

(3.11)

𝜎𝑧 = 𝑣 𝜎𝑥 + 𝜎𝑦 𝑃𝑙𝑎𝑛𝑒 𝑆𝑡𝑟𝑎𝑖𝑛 𝜀𝑧 = 0

(3.12)

𝜏𝑦𝑧 = 𝜏𝑧𝑥 = 0

(3.13)

Where
𝜽 and r are cylindrical polar coordinates of a point with respect to the crack tip.
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Figure (3.3) Three-Dimensional Coordinate System for Region of crack Tip
(Dowling 1993).
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As shown in the equations (3.8) through (3.13), determination of stresses at each
point in the adjacency of the crack tip is dependent on the stress intensity factor
(KI). This stress intensity factor (Mode I) can be expressed in its general form
according to LEFM, which is discussed in chapter (4).
3.4 Conclusion
Fracture mechanics usually plays an important role in life predication of
components that are subject to time-dependent crack growth mechanics such as
fatigue or stress corrosion cracking. The rate of cracking can be correlated with
fracture mechanics parameters such as the stress-intensity factor, and the critical
crack size for failure can be computed if fracture toughness is known. Repairing
flawed material or scrapping a flowed structure is expensive and is usually
unnecessary. Fracture mechanics provides a rational basis for establishing flaw
tolerance limits.
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Chapter 4
PROPOSED MODEL
4.1 Introduction
In order to know how the proposed model, which is described later on in this
chapter and shown in equation (4.1), works based on the three laws reported in
chapter (3), it is important to show how the experiments were performed on
wedge-splitting test specimens. The experiments were performed by Slowik et al.
(1996). For the small specimens, a loading device was selected the same as the one
introduced by Bruhwiler (1988) and Bruhwiler & Wittmann (1990). For large
specimens, a loading device allows both crack opening and crack closure to be
applied. Large and small loading devices are showed in figure (4.1). The exact
specimen dimensions are 914x610mm2 and 305x305mm2 (36x24 and 12x12 in2)
sketched in figure (4.2).
Cracks were introduced during the test for the large specimens, while they
were saw-cut for small ones. The concrete mixtures and material properties are
shown in Table (4.1) (Slowik et al. 1996). All specimens were cured in a fog room;
small ones were tested at approximately 30 days and 90 days for the large
specimens. Specific fracture energy was determined through identical wedgesplitting tests under monotonic, quasistatic loading (Saouma et al. 1991). Minor
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differences were noted between the small and large specimens, which can be
marked to the difference in ligament lengths.

Figure (4.1) Loading devices for large and small specimens

Figure (4.2) Specimens‘ dimensions
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Table (4.1) Concrete mix and material properties for small and large speicemns
Small specimens

Large specimens

Cement, Type I

350 kg/m3

590 lb/yd3

350 kg/m3

590 lb/yd3

Water

182 l/m3

308 lb/yd3

182 l/m3

308 lb/yd3

Sand, 0 to 2.4 mm (0 to

761 kg/m3

1282 lb/yd3

761 kg/m3

1282 lb/yd3

614 kg/m3

1034 lb/yd3

614 kg/m3

1034 lb/yd3

538 kg/m3

906 lb/yd3

538 kg/m3

906 lb/yd3

16,000 Mpa

2320 ksi

17,000 Mpa

2466 ksi

30 Mpa

4351psi

30 Mpa

4351psi

158 N/m

0.9 lb/in.

206 N/m

1.17 lb/in.

0.95 MNm-3/2

0.86 kips in.-3/2

1.48 MNm-3/2

1.35 kips in.-3/2

3/16 in.)
Gravel, 2.4 to 12.5 mm
(3/16 to ½ in)
Gravel, 12.5 to 25 mm (1/2
to 1 in)
Young’s modulus Ec
Compressive strength fc

’

Specific fracture energy
GF
Fracture toughness KIc

4.2 Load Histories and Measurements
To simulate an earthquake loading in reality by keeping the number of test
parameters to a minimum, a load system shown in figure (4.3) was selected. It is
characterized by a basic sine vibrancy that is interrupted by spikes. This was
obtained by a specially built programmable function generator connected to a
standard controller. Load frequencies of 3 and 10 Hz were used. The applied load
and the crack mouth opening displacements (CMOD) in the load line were
recorded at sampling frequencies of 50 (for loading frequencies up to 3 Hz) to 200
Hz (for higher loading frequencies). The tests were run under load control.
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Tables (4.2) and (4.3) summarize the load histories for small and large specimens
(Slowik et al. 1996).
To determine the equivalent or effective crack length, a finite element
calibration was performed for both specimen geometries. This was done through a
linear elastic analysis for different crack lengths and for a constant value of the
Young‘s modulus (E). A relation between the compliance and the effective crack
length obtained from experiment result shown in tables (4.2) and (4.3) was
determined in figure (4.4). During the test, a series of unload/reload cycles were
performed. The specimens were unloaded down to 2% of the maximum load, and
the compliance determined from the average slope of unloading and reloading
branch. By comparing the initial compliance with the numerical one, the effective
Young‘s modulus (E) was computed and in later comparisons the equivalent crack
length was determined from figure (4.4) (Slowik et al. 1996).
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Figure (4.3) Simulated earthquake loading applied in experiments (Slowik et al.
1996).
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Table (4.2) Loading histories and experimental results for small specimens (Slowik et al. 1996)

*Single spike
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Table (4.3) Loading histories and experimental results for large specimens (Slowik et al. 1996)

*Single spike
"Failed during compliance measurement
˜Spike frequency=50, nm = not measured.
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Figure (4.4) Compliance calibration curve for large specimens (Slowik et al. 1996).
4.3 Optimised fatigue crack propagation model for concrete
Based on linear elastic fracture mechanics concepts, the fatigue crack
propagation law proposed by Slowik et al. (1996) involves parameters such as
fracture toughness, loading history, and specimen size, ―except the frequency of
externally applied load,‖ (Sain and Kishen 2007), and is described by
𝑑𝑎
=𝐶
𝑑𝑁

𝑚
𝐾𝐼𝑚𝑎𝑥
Δ𝐾𝐼𝑛
+ F a, Δσ
(𝐾𝐼𝐶 − 𝐾𝐼𝑠𝑢𝑝 
)𝑃

4.1

Where 𝐾𝐼𝑠𝑢𝑝 represents the maximum stress intensity factor ever reached by the
structure in its past loading history; 𝐾𝐼𝐶 represents the fracture toughness; 𝐾𝐼𝑚𝑎𝑥
represents the maximum stress intensity factor in a cycle; ∆KI represents the stress
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intensity factor range; 𝑁 is the number of load cycles; 𝐶 is the crack growth rate
per fatigue load cycle; and m, n, and P are constants. These constant coefficients
are determined by, Slowik et al. (1996) using experimental data and they obtained
2.0, 1.1, and 0.7, respectively. Finally, the function F(a,∆σ) describes the effect of
sudden overload onto the crack propagation.
4.3.1 Crack growth rate (𝑪)
The parameter C in Equation (4.1) empirically gives a measure of crack
growth rate per fatigue load cycle. This parameter in concrete members indicates
the crack growth rate for a particular grade of concrete and is also size dependent.
The value of 𝐶 is determined by, Slowik et al. (1996) to be equal to 3.2x10-2
mm/cycle for small specimens and 9.5x10-3 mm/cycle for large ones. It should be
observed herein that the stress intensity factor expressed in MNm-3/2. The 𝐶 values
were determined for a particular loading frequency of 3 Hz. Because parameter 𝐶
gives an estimation of crack propagation rate in fatigue analysis, it should also
depend upon the frequency of loading. Moreover, the fatigue crack propagation
takes place primarily within the fracture process zone; thus, 𝐶 should be related to
the relative size of the fracture process zone, which is related to characteristic
length. Therefore, C should depend on the characteristic length (l ch) and ligament
length (L), where lch=EGf/ft’2, and E is the elastic modulus of concrete, ft‘2 is the
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tensile strength of the concrete, and Gf is the specific fracture energy. A linear
relationship between parameter C and ratio of ligament length to characteristic
length was proposed by Slowik et al. (1996) given by
𝐶 = −2 + 25

𝐿
𝑚𝑚
𝑥10−3
𝑙𝑐
𝑐𝑦𝑐𝑙𝑒

(4.2)

The equation (4.2) does not account for the frequency of fatigue loading. Hence,
modification of this equation was proposed by Sain and Kishen (2007) including
the effect of loading frequency. This was established through a regression analysis
using the experimental results of Slowik et al. (1996), which have used compact
tension specimens of two different sizes with loading frequency 3 Hz and
interrupted by spikes. In a compact tension specimen, tensile force is applied in a
direction perpendicular to the crack, thereby causing the propagation of the crack
through the opening mode. The geometrical properties of these compact tension
specimens are shown in Table (4.4). Also, the 𝐶 values are reported by Slowik et
al. (1996), which are computed by fitting the experimentally obtain 𝑎 − 𝑁 data into
equation (4.1) are shown in Table (4.5) along with the frequency of loading used in
the test. The value of 𝐶 times 𝑓 (𝐶𝑓) in terms of the ratio of ligament to
characteristic length (L/lch) is given by

𝐶𝑓 = −0.0193

𝐿
𝑙𝑐

2

+ 0.0809

𝐿
𝑙𝑐

+ 0.0209
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𝑚𝑚
𝑠𝑒𝑐𝑜𝑛𝑑

(4.3)

From equation (4.3), one can obtain the value of parameter 𝐶 for any loading
frequency, grade of concrete, and size of specimen.
Table (4.4) Geometry and material properties of specimens (Slowik et al. 1996)
Specimen

Depth, mm

Width,

Span, mm

mm

Initial

E, Mpa

KIC,
MN/m3/2

crack, mm

Large

900

400

-

230

17,000

1.48

Small

300

100

-

50

16,000

0.95

Table (4.5) C values and material parameters (Slowik et al. 1996)
lch

L/lch

GF N/m

C,

f. Hz

Cf, mm/s

Specimen

mm/cycle

size

238.74

1.38

206

32x10-3

3

0.096

Large

172

0.872

158

25.33x10-3

3

0.0285

Small

4.3.2 The sudden increase function (𝑭)
In concrete, the size of process zone is increased due to overload and the rate
of crack propagation which is different in metals. In equation (4.1), the function
F(a,∆σ) describes the sudden increase in equivalent crack length due to overload
(Slowik et al. 1996). It should be observed herein that the function F is not related
to fatigue directly but only takes care of the structural response due to overloads.
Based on a nonlinear interpretation, overloads cause a sudden propagation of the
fictitious crack tip (Slowik et al. 1996). The values of function 𝐹 have been
obtained for compact tension geometries by unloading and reloading at several
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load levels in the prepeak region and calculating the equivalent crack length from
the corresponding compliances. Sain and Kishen (2007) developed a close form
analytical expression to compute the sudden increase in crack length due to
overloads. Since the rate of crack propagation due to overload depends on the
nature property of concrete and stress amplitude, the function F was given by

𝐹=

∆𝐾𝐼
∆𝑎
𝐾𝐼𝐶

(4.4)

Where ∆𝐾𝐼 indicates the instantaneous change in stress intensity factor from
normal load cycle to a certain overload cycle which is given by Sain and Kishen
(2007).
∆𝐾𝐼 = 𝐾𝑜𝑣𝑒𝑟𝑙𝑜𝑎𝑑 − 𝐾𝐼𝑛𝑜𝑟𝑚𝑎𝑙

(4.5)

𝑙𝑜𝑎𝑑

Where 𝐾𝑜𝑣𝑒𝑟𝑙𝑜𝑎𝑑 represents the maximum stress intensity factor due to overload
and 𝐾𝐼𝑛𝑜𝑟𝑚𝑎𝑙

𝑙𝑜𝑎𝑑

represents the maximum stress intensity factor due to normal

load just before the overload. The value ∆𝑎 is the increase in crack length with
respect to its initial value before the application of overload and 𝐾𝐼𝐶 is the fracture
toughness of concrete.
4.3.3 Strength of cracked plain concrete beams
The basic equation that relates the stress intensity factor with applied load,
specimen geometry, and crack size is given by Bazant and Kangming (1991).
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𝐾𝐼 =

𝑃𝑓(𝛼)
𝑏 𝑑

= 𝜎𝑛 𝑑

𝑓(𝛼)
𝐶𝑛

(4.6)
𝒂

Where 𝛼 is the relative crack depth , a is the crack length, d is the characteristic
𝒅

dimension of the structure such as depth of beam, b is the specimen thickness, P is
the applied load, σn is magnitude of the applied nominal stress, and 𝒇(𝜶) is a
function depending on specimen geometry and for a three-point bend beam is
given by.
𝑓 𝛼 = (1 −

3
−
𝛼) 2

1 − 2.5𝛼 + 4.49𝛼 2 − 3.98𝛼 3 + 1.33𝛼 4

(4.7)

The value 𝐶𝑛 is a coefficient chosen for convenience to generalize the stress
expression. For a three-point bend beam specimen having an initial notch
length 𝑎0 , 𝐶𝑛 =

𝟑𝑳
𝟐 𝒅−𝒂𝟎

. In terms of energy release rate, equation (3.14) can be

written as.
𝐺𝐼 =

𝐾𝐼2

(4.8)

𝐸

Where 𝐺𝐼 is the energy release rate and 𝐸 is the elastic modulus.
Equations (4.6) and (4.8) are used to determine the load carrying capacity of
cracked plain concrete member characterized by the critical energy release rate
(𝐺𝐼𝐶 ) for a given size.
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4.4 Application to compute residual life (KI) and critical crack length (da) of
plain concrete
The model for computing the effective crack length (da) with the respect to the
number of cycles of fatigue load was reported earlier in this chapter. This model,
explained by equations (4.1) and (4.4), is used to come up with the number of load
cycles required for dominant crack to reach a critical size. Moreover, the strength
at a specific crack length can be determined from equation (4.6). By using
equations in the foregoing, one can assess the residual strength of a plain concrete
specimen using the following steps (Sain and Kishen 2007).
1. The effective crack length (da) versus the number of load cycles (N) relationship
for the large specimen (G05) is plotted in figure (4.5) for a given concrete member
using equation (4.1), (4.3) through (4.7). The calculation for different values of (N)
is shown in the spreadsheet table (4.6). Table (4.7) shows the parameters presented
in columns of spreadsheet table (4.6).
2. The strength of the member as a function of continuously increase crack length
(a) is determined from equation (4.6).
3.Using the plot obtained from step 1and shown in figure (4.6) the number of load
cycles (NC) required for the existing crack to become critical, at the point when the
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curve becomes asymptotic, is determined. At NC, using the result in step 2, the
current strength of the specimen is determined, which gives the residual strength.

Effective Crack length (da), mm

140
Experimental
120
Proposed model
100

Specimen fails
after this point

80
60
40
20
0
0

1000

2000
3000
Number of load cycle N

Nc 4000

Figure (4.5) The effective crack length (da) vs. the number of load cycles (N) for
the large specimen (G05).
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Table (4.6) shows the calculation of proposed model described in equation (4.1)
Period

1

2

3

a0

a

b

d

Pmin.

Pmax.

Psup.

α

f(α)

Kimax.

Kisup.

Kiover

Kinorm.

∆Ki

Kic

C

X

∆a

F

N

da

0.23

0.24

0.4

0.9

0

0.05

0.075

0.266667

0.929754

0.122506

0.183759

0.122506

0

0.122506

1.48

0.032

3.977E-05

0.01

0.000828

300

0.260254

0.23

0.25

0.4

0.9

0

0.05

0.075

0.277778

0.936212

0.123357

0.185035

0.123357

0

0.123357

1.48

0.032

4.06606E-05

0.02

0.001667

600

1.024586

0.23

0.26

0.4

0.9

0

0.05

0.075

0.288889

0.943541

0.124322

0.186484

0.124322

0

0.124322

1.48

0.032

4.16883E-05

0.03

0.00252

900

2.305565

0.23

0.27

0.4

0.9

0

0.05

0.075

0.3

0.951766

0.125406

0.188109

0.125406

0

0.125406

1.48

0.032

4.28628E-05

0.04

0.003389

1200

4.118661

0.23

0.28

0.4

0.9

0

0.05

0.075

0.311111

0.960909

0.126611

0.189916

0.126611

0

0.126611

1.48

0.032

4.41955E-05

0.05

0.004277

1500

6.482386

0.23

0.29

0.4

0.9

0

0.05

0.075

0.322222

0.970999

0.12794

0.19191

0.12794

0

0.12794

1.48

0.032

4.56994E-05

0.06

0.005187

1800

9.418445

0.23

0.3

0.4

0.9

0

0.05

0.075

0.333333

0.982064

0.129398

0.194097

0.129398

0

0.129398

1.48

0.032

4.73896E-05

0.07

0.00612

2100

12.95192

0.23

0.31

0.4

0.9

0

0.05

0.075

0.344444

0.994136

0.130989

0.196483

0.130989

0

0.130989

1.48

0.032

4.92829E-05

0.08

0.00708

2400

17.11144

0.23

0.32

0.4

0.9

0

0.05

0.075

0.355556

1.007251

0.132717

0.199075

0.132717

0

0.132717

1.48

0.032

5.13991E-05

0.09

0.008071

2700

21.92947

0.23

0.33

0.4

0.9

0

0.05

0.075

0.366667

1.021445

0.134587

0.201881

0.134587

0

0.134587

1.48

0.032

5.37604E-05

0.1

0.009094

3000

27.44248

0.23

0.34

0.4

0.9

0

0.05

0.075

0.377778

1.036761

0.136605

0.204908

0.136605

0

0.136605

1.48

0.032

5.63923E-05

0.11

0.010153

3300

33.6913

0.23

0.35

0.4

0.9

0

0.062

0.075

0.388889

1.053243

0.172083

0.208165

0.172083

0

0.172083

1.48

0.032

0.000115568

0.12

0.013953

3600

50.64579

0.23

0.36

0.4

0.9

0.025

0.075

0.075

0.4

1.07094

0.211663

0.211663

0.211663

0.070554

0.141109

1.48

0.032

0.000140827

0.13

0.012395

3900

48.88851

0.23

0.37

0.4

0.9

0.025

0.075

0.075

0.411111

1.089907

0.215412

0.215412

0.215412

0.071804

0.143608

1.48

0.032

0.000149012

0.14

0.013585

3960

54.3848

Where:
𝑋=

𝑚
𝐾𝐼𝑚𝑎𝑥
Δ𝐾𝐼𝑛

(𝐾𝐼𝐶 −𝐾𝐼𝑠𝑢𝑝 
)𝑃

, m, n, and p=2, 1.1, and 0.7 respectively
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Table (4.7) shows and describes the parameters used in spreadsheet.
Variable

Description

Obtained from

a0

Initial crack length

From table (4.4)

a

Crack length

Assumed increment by 10 mm in each
cycle

b

Specimen width

From table (4.4)

d

Specimen depth

From table (4.4)

Pmin

Minimum applied load

From table (4.3)

Pmax

Maximum applied load

From table (4.3)

Psup

Maximum historical applied load ever

From table (4.3)

reach
α

Relative crack depth

𝑎
𝑑

f(α)

Function of specimen geometry

Equation (4.7)

KImax

Maximum stress intensity factor in a cycle

Equation (4.6)

KIsup

Maximum stress intensity factor ever

Equation (4.6)

reach in past specimen load history
KIover

Maximum stress intensity factor due to

Equation (4.6)

overload
KInormal

Maximum stress intensity factor due to

Equation (4.6)

normal load
∆KI

Stress intensity factor range

Equation (4.5)

KIC

Fracture toughness

From table (4.4)

C

Crack growth

From table (4.5)

F

Function of sudden increase

Equation (4.4)

∆a

Changing Length

a-a0

N

Number of load cycles

From table (4.3)

m,n &p

Empirical constants

2, 1.1 and 0.7 respectively

da

The effective crack length

Equation (4.1)
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4.5 The obtained results from the application
The results obtained from spreadsheet table (4.6) are:
1. The experiment results obtained by Slowik et al. (1996) and validated by
Sain and Kishen (2007) for the large specimen (G05) were much closely the
values shown in table (4.6) and plotted in figure (4.5).
2. The number of load cycle (Nc) required for the existing crack to become
critical is equal to 3600.
3. The residual strength (KI) for the specimen (G05) is equal to 0.172

𝑀𝑁
3

𝑚2

.

4. The critical crack length (da) before the specimen fail is equal to 50.64mm.
4.6 Conclusion
The conclusions from this chapter are:
1. The fatigue propagation law application conducted on the large specimen (G05)
can be considered successful because the data obtained from this application is
comparable to the experiment result obtained by Slowik et al. (1996).
2. From the result of the fatigue application on a plain concrete specimen exposed
to an increasing number of load cycle, the sudden increase function controls the
increment in effective crack length.
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3. The spike of the load and the increment of crack length exposed to the number
of load cycles equal to 3600 corresponded to excessive increasing in an effective
crack length.
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Chapter 5
RELAIBILITY ANALYSIS
5.1 Introduction
Structural reliability is defined as the probability that an item or facility will
not perform its intended function for a specific period of time. Structural reliability
theory and the principles of reliability analysis have been applied to many
problems, such as design of structural components, control systems, and specific
mechanical components. Classical reliability theory was developed to predict
quantities such as the expected life and expected failure rate, given some tests or
failure data for system and/or its components. Based on these predictions, the
expected life and expected failure rate might be leading to required design life of a
system.
Structural systems, in contrast to mechanical systems, do not tend to
deteriorate, except by the mechanics of corrosion and fatigue, and in some cases
might even get stronger, for instance: the strength of concrete increases with time
and the strength of soil increases as a result of consolidation, but the problem is not
lack of information for structural systems and their components regarding the time
to failure, since they generally do not fail in service. The problem is of a different
nature (Pendones 1991).
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Structural systems and structural components fail when they meet an
extreme load, or when a combination of loads causes an extreme load impact of
considerable magnitude for a structure to reach failure state; this might be an
ultimate or a serviceability condition. Therefore, the first consideration is to predict
the magnitude of these extreme events, and the second is to predict the strength or
load deflection characteristics of each structural component from the information
available at the design stage. Likewise, it is important to come up with
probabilistic models for the two parts of the problem which include first, all the
uncertainties affecting the loading and second, all uncertainties affecting the
strength or resistance of the structures (Thoft-Christensen and Baker 1982).
The goal of this chapter is to quantify how uncertainty in the parameters of
the fatigue propagation law proposed by Slowik at el (1996) affects the prediction
of the reliability. Knowing which parameter has more influence in the probability
of failure of the structure and assessing which variables need extra research and
attention, may help designers establish priorities for design stages.
5.2 Reliability Analysis Methodology
First-order reliability method (FORM) is considered to be one of the most
reliable computation methods. In recent years, researchers have tested the
limitations of FORM, primarily accuracy and the difficulties involved in searching
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for the design point by iteration using the derivatives of performance function. In
order to optimize upon FORM, several structural reliability methods have been
developed based on FORM. For example, second-order reliability method
(SORM), importance sampling Monte-Carlo simulation, first-order third-moment
reliability method (FOTM), and response surface approach (RSA) (Zhao and Ono
2001). The fundamental clue is the limit state function which is used to determine
the state of a structure or structural component as either having failed or being safe.
The limit state function is generally obtained from traditional deterministic
mechanical analysis, but uncertain input parameters are identified and quantified.
Furthermore, the limit state function might include parameters that try to quantify
the uncertainty in the deterministic mechanical model itself. The limit state
function g(x)=0 for a given failure mode is then formulated in terms of the
realization of finite set of (n) basic random variables x=(x1,x2,........,xn), such as
material properties, loads, geometry, etc. The subset of realization (x) where g(x)
≤ 0 corresponds to failure states in the n-dimensional basic variable space, while
the subset of realizations (x) where g(x) > 0 corresponds to safe states.
The probability (Pf) that a limit state is reached is referred to as probability
of failure and is computed by:
.

𝑃𝑓 = 𝑃[𝑔 𝑥 ≤ 0] =

𝑓𝑥 𝑥 𝑑𝑥

(5.1)

𝑔 𝑥 ≤0
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Where 𝑓𝑥(𝑥) is the joint probability density function of (X) and g(x) is
performance function.
The random variable obtained by replacing the parameters in the limit state
function with corresponding random variables (Xi) is called safety margin and is
denoted by 𝑀 = 𝑔(𝑥𝑖 ).
An alternative measurement for the reliability of a structure was introduced
by Cornell (1970). He defined a reliability index 𝛽𝑅 as:
𝛽𝑅 =

𝜇
𝜎𝑀

(5.2)

Where 𝜇 is the mean value of the safety margin and 𝜎𝑀 is the standard deviation of
safety margin. This definition of safety index is explained in figure (5.1). The main
reason behind this definition of reliability index is that the distance from the
location measure (𝜇) to the limit state surface provides a good measure of the
reliability. The distance is measured in units of the standard deviation (𝜎𝑀 ). If the
safety margin has a normal distribution a one to one correspondence between the
reliability index and the probability of failure can be expressed as
𝜷𝑹 = −𝝓−𝟏 𝑷𝒇
Where 𝝓

(𝟓. 𝟑)

is the standard normal distribution function.
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A direct integration of equation (5.1) to determine (𝑷𝒇 ) is not always practical.
Alternatively the probability of failure might be computed by simulation or by
specially devised numerical techniques such as first-order reliability methods
(FORM), which provide a good approximation to the probability of failure.

μ is Mean value of safety margin

σM is Standard deviation of safety margin
β is Reliability Index
Probability
of

μ

failure

β
Failure
Set

σM
Safe Set

Fig (5.1) Sketch showing the definition of reliability index (Pendones 1991).
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In this study, FORM techniques were used to analyze the reliability of
fatigue crack growth. The basic principle in FORM is that the generally correlated
and non-normally distributed basic random variables (X) are transformed into a set
of independent standard normally distributed variables (Z) by;
𝑍𝑖 =

𝑋𝑖 − 𝜇𝑥𝑖
𝜎𝑥𝑖

(5.4)

Where 𝜇𝑥𝑖 and 𝜎𝑥𝑖 are the mean and the standard deviation of the random variable
(Xi) which come from original space (X) having correlated and non-normally
distributed random variables.
Note that the new mean and standard deviation in transformation space (Z) will be;
𝜇𝑧𝑖 = 0,

𝜎𝑧𝑖 = 1,

𝑖 = 1,2, … . 𝑛

(5.5)

Using the transformation defined by equation (5.4), the mean value point in
the X-space, and the failure surface in the X-space system is mapped into a failure
surface in the Z-space system. The failure surface in the Z-space system divides
the Z-space into a failure region and a safe region in the same way as in the Xspace. Due to equation (5.4) the new Z-space has an important characteristic,
namely a rotational symmetry with respect to the standard deviations. Thus, it
follows that the geometrical distance from the origin in the Z-space to any point in
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the limit state surface g(z) = 0 is simply the number of standard deviations from the
mean-value point in the Z-space to the corresponding point on g(x) = 0.
If the limit state surface g(z) = 0, formulated in the Z-space, is non-linear it
can be approximated by its tangent hyper plane at the point on the surface closest
to the origin, as showed in figure (5.2). It can be proved that this point also
corresponds to the point with the largest probability density (i.e. it is the most
likely failure point). This point is called the design point 𝑧 ∗ = 𝛽𝛼. Where β is the
distance from the origin to the design point 𝑧 ∗ and α is the vector of direction
cosines. The distance β represents an approximation to the reliability index 𝛽𝑅
defined by equation (5.2). This approximation goes with the reliability index
defined by equation (5.3) when the failure surface is linear (a hyoerplane) and all
the basic variables are normally distributed. When the distance β is determined, an
approximation to the probability of failure is
𝑃𝑓 = 𝑃 𝑔 𝑥 ≤ 0 ≅ 𝜙 −𝛽

(5.6)
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Z2
Limit State Function

Failure Region
Design Point

Tangent
Hyperplane

β

Safe
Region

Z1

0

Fig (5.2) Conceptual sketch showing basic concepts for FORM (Pendones 1991).
Sensitivity factor 𝛼𝑖 that provide a measure of the sensitivity of the
reliability index (or corresponding probability of failure) to inaccuracies in the
values of Xi might be obtained from
𝛼𝑖 =

𝜕𝛽(𝑥)
𝜕𝑥𝑖

(5.7)

Numerical estimates of 𝛼𝑖2 provide the fraction of the total uncertainty that is
caused by uncertainty in the basic variable Xi. Therefore, for basic variables with
small numerical values 𝛼𝑖2 , no big error is introduced by considering those
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variables as deterministic and equal to their mean values. Finally, if the basic
variables are correlated, it is important to obtain a set of uncorrelated variables.
This process was described in detail by Thoft-Christensen and Baker (1982).
5.3 Reliability Analysis of the Fatigue Crack Growth
The limit state function used in this work is based on exceeding 50 mm of
effective crack length, which is the length of which the large specimen (G05) fails.
This happens when the number of load cycles is about3600. It is assumed that the
failure will occur if the length exceeds this specific length, and this is based on the
calculation done in chapter (4) and shown in spreadsheet table (4.6). Since the
observation from calculation done in chapter (4) is that the effective crack lengths
are growing when the number of load cycles increases from 300 load cycles to
3960 load cycles. At load cycle 3600 in particular, noting that the effective crack
length is rapidly increasing because of a spike of loading from 50 kN to 62 kN.
Therefore, there are sudden increases in maximum, range and history stress
intensity factors, which are controlled by the second part of equation (4.1) or
equation (4.4). This gives a clue that equation (4.4) has more influence than first
part of equation (4.1) on fatigue crack growth.
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The limit state function for exceeding the critical crack length is expressed
as:
𝑚
𝐾𝐼𝑚𝑎𝑥
Δ𝐾𝐼𝑛
∆K I
𝑔 = 50 − 𝐶
+
∆a ∗ N
(𝐾𝐼𝐶 − 𝐾𝐼𝑠𝑢𝑝 
)𝑃
K IC

(5.8)

Where 50 mm is the assumed upper limit of the effective crack length of the large
specimen (G05), N is the number of load cycle.
5.4 Analysis of suggested statistical data
Due to lack of statistical data, coefficient of variation (COV) equal to 0.1 for
input parameters shown in table (5.1) was assumed for this study. Also, the
assumption of using log-normal distribution for input parameters shown in table
(5.1) was taken into account.
To check if the assumptions made are reasonable, Monte Carlo Simulation
conducted for 1000 iterations. The mean values of input parameters shown in table
(5.1) were taken from table (4.1). Table (5.2) shows the mean values, standard
deviations, and coefficients of variation of the effective crack lengths (da) obtained
from Monte Carlo Simulation. These values were checked of using log-normal
distribution in term of what is the best distribution fitting for them and that comes
from the option of the best fit in Monte Carlo Simulation. Furthermore, the 2.5%
and 97.5% relative errors were obtained from Monte Carlo Simulation, shown in
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table (5.2), and plotted in figure (5.3) to show the 95% confidence bounds of using
log-normal distribution.
Table (5.1) Input parameters in equations (4.1) and (4.4)
Variable

Description

a0

Initial crack length

a

Crack length

Pmin

Minimum applied load

Pmax

Maximum applied load

Psup

Maximum historical applied load ever reach

KIC

Fracture toughness

C

Crack growth

Table (5.2) The values obtained from Monte Carlo Simulation.
N

μda

σda

COVda

2.5%

97.5%

300

0.260254

N/A

N/A

0

0

600

1.024586

1.7356

1.69

-2.16

4.84

900

2.305565

2.7029

1.17

-3.05

8.12

1200

4.118661

3.8688

0.94

-3.16

12.38

1500

6.482386

5.1782

0.8

-1.93

17.61

1800

9.418445

6.25

0.66

-1.7

22.6

2100

12.95192

7.8194

0.6

-0.11

29.68

2400

17.11144

9.3351

0.55

0.9

39.2

2700

21.92947

11.1336

0.51

2.9

46.7

3000

27.44248

12.7139

0.46

6.3

57.5

3300

33.6913

15.8606

0.47

8.7

70.2

3600

50.64579

23.4051

0.46

15.8

107.2

3900

48.88851

21.2772

0.44

15.8

105.6

3960

54.3848

23.3359

0.43

20.8

109.6
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120
2.5% left

100
Effective lengths (da)

The mean
80

97.5% right

60
40
20
0
0
-20

1000

2000

3000

4000

Number of load cycles (N)

Figure (5.3) 95% confidence bounds and mean values of (da) vs. the number of
load cycles (N).
In order to show how Monte Carlo Simulation induced the foregoing results
shown in table (5.2), figure (5.4) shows the probability density function (PDF) in
case of the number of load cycles is equal to 3600. This figure also shows the 95%
confidence bounds are equal to 15.8 from the left (2.5% relative error) and 107.2
from the right (97.5% relative error) leading to that using of log-normal
distribution is acceptable because of positive values of the data.
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2.5% =15.8

97.5%=107.2

Figure (5.4) Probability density function (PDF) of da when N=3600 by Monte
Carlo Simulation.
The conclusions from figures (5.3) and (5.4) are that for a number of load
cycles (N) greater than 2400 and effective crack length (da) greater than 17 mm,
the values of 95% confidence bounds are positive. Thus, the assumption of using
log-normal distribution for input parameters described in table (4.1) is worked.
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5.5 Example Run Using COMREL-TI 8.10 Software and Assumed Data
To evaluate which output data has important effects on fatigue crack growth,
the First Order Reliability Method (FORM) is used to estimate the probability of
exceeding the limit state function described in equation (5.8) for a particular load
cycle when N = 3000 cycles. The characteristics of the parameters used in the limit
state function are listed in Table (5.3). Computations were done using Strurel
Reliability Software called COMREL –TI 8.10 developed by Reliability
Consulting Programs (RCP). The statistical information shown in Table (5.4) for
the input random parameters described in table (5.1) inserted in COMREL –TI
8.10 software.
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Table (5.3) The parameters used in the sample runs obtained from spreadsheet
table (4.1).
Variable

Description

Value

a0

Initial crack length

230 mm

a

Crack length

330 mm

b

Specimen width

400 mm

d

Specimen depth

900 mm

Pmin

Minimum applied load

0 kN

Pmax

Maximum applied load

50 kN

Psup

Maximum historical applied load ever reach

75 kN

α

Relative crack depth

0.367

f(α)

Function of specimen geometry

1.021

KImax

Maximum stress intensity factor in a cycle

0.135 MN/m3/2

KIsup

Maximum stress intensity factor ever reach in past

0.202 MN/m3/2

specimen load history
KIover

Maximum stress intensity factor due to overload

0.135 MN/m3/2

KInormal

Maximum stress intensity factor due to normal load

0 MN/m3/2

∆KI

Stress intensity factor range

0.135 MN/m3/2

KIC

Fracture toughness

1.48 MN/m3/2

C

Crack growth

3.2x10-2 mm/cycle

F

Function of sudden increase

9x10-3mm

∆a

Changing Length

100 mm

N

Number of load cycles

3000 cycle

m,n &p

Empirical constants

2,1.1&0.7
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Table (5.4) Random variable used in the reliability analysis in the sample runs.
Variable

Distribution

Coefficient of
variation

∆a

Log-normal

0.4

KIC

Log-normal

0.1

∆KI

Log-normal

0.1

C

Log-normal

0.1

KImax

Log-normal

0.1

KIsup

Log-normal

0.1

m

Constant

-

n

Constant

-

p

Constant

-

The results obtained from COMREL –TI 8.10 software for this example are
that the probability of exceeding the limit state function described in equation (5.8)
Pf = 4.95x10-2 which corresponds reliability index, β =1.65 and sensitivity factors
(α) are shown in figure (5.5).
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6% 6%
Kic=0.24

∆a=-0.94
∆Ki=-0.24
C=0.00
Kimax=0.00
Kisup=0.00
88%

Figure (5.5) Importance Factors
From the analysis of the sensitivity factors in this example, it is observed
that the parameter (∆a) has the most influence on reliability index, the parameters
KIC and ∆KI have very little influences, and the parameters KImax, KIsup, and C do
not have any influences on reliability index. See Appendix A for completed
example run.
5.6 Understanding of the Parameter (∆a).
To understand that the parameter (∆a) has most influence on reliability
index, comparing different values of coefficients of variation for the parameter
(∆a) with a constant value of coefficients of variation for the parameters KIC and
∆KI is very useful. Table (5.5) shows different values of coefficient of variation for
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the parameter (∆a) and the resulting sensitivity factors (α2) for each parameter
obtained from COMREL-TI 8.10 software.
The plot between the sensitivity factors for each parameter is shown in
figure (5.6). This figure leads to that by increasing of the coefficient of variation of
the parameter (∆a), the sensitivity factor for the parameter (∆a) is increased and for
parameters KIC and ∆KI decreased. Therefore, the value of coefficient of variation
for the parameter (∆a) obtained from Monte Carlo Simulation and shown in table
(5.4) is acceptable.
Table (5.5) Resulting sensitivity factors for different values of coefficients of
variation of (∆a) and the coefficients of variation for KIC and ∆KI are equal to 0.1
COV∆a
0.05
0.1
0.15
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

α2 (∆a)
0.109
0.336
0.533
0.656
0.81
0.884
0.922
0.941
0.961
0.961
0.961
0.98

α2(KIC)
0.449
0.336
0.24
0.168
0.096
0.058
0.04
0.029
0.023
0.02
0.017
0.014
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α2 (∆KI)
0.449
0.336
0.24
0.168
0.096
0.058
0.04
0.029
0.023
0.02
0.017
0.014

Sensitivity factors (α²)

1
0.8
∆a

0.6

KIC
0.4

∆KI

0.2
0
0

0.2

0.4

0.6

0.8

1

1.2

COV. (∆a)

Figure (5.6) The coefficients of variation of (∆a) vs. sensitivity factors (α2) for
(∆a), KIC,,and ∆KI.

5.7 Conclusion
In this chapter, the First Order Reliability Method (FORM) was applied to fatigue
crack propagation law, and the limit state function for a safe stage was introduced
to test which parameter involves in the fatigue crack propagation law has more
influence on probability of failure for the specimen (G05). The analysis of the limit
state function by COMREL –TI 8.10 software showed that the important factors
needing extra attention and investigation are the changing of crack length (∆a), the
fracture toughness (KIC), and stress intensity factor range (∆KI) respectively.
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Chapter 6
CONCLUSIONS AND RECOMMEDATIONS
6.1 Conclusion
In this study, statistical information is suggested for predicting the fatigue
life of a plain concrete specimen considering fatigue crack propagation law
proposed by Slowik et al. (1996). The output parameters which drive the fatigue
process such as, crack growth rate, stress intensity factor range, fracture toughness,
maximum stress intensity factor, and crack length range are considered as random
variables. The reliability index is computed using COMREL-TI 8.1 software. It is
seen from the case study that the reliability depends on crack length range, stress
intensity factor range, and fracture toughness. Therefore, the fatigue crack
propagation law needs to take into account the effect of both the initial crack
length and the increment of crack length for accurate life prediction analysis of the
plain concrete specimen.
A sensitivity analysis is performed to determine the predominant factor
amongst the input parameters which influences the fatigue reliability prediction. It
is observed that the reliability is more sensitive to the crack length range, followed
by fracture toughness and stress intensity factor range. Beside this, the reliability
computation was repeated for different values of coefficient of variation of the
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most sensitive factor, the crack length range, and other parameters are constant in
term of coefficient of variation. The results show that the crack length range is the
most influence parameter in most cases for safe fatigue life computations.
6.2 Recommendations
1. In order to obtain a data base of fatigue crack growth rate for plain concrete
future tests of different specimens are recommended. This data base is very
necessary for the remaining life estimation.
2. Since fatigue crack growth for the real structure is affected by many parameters,
such as fatigue load level, load history, and structural geometry, more detailed
information of these parameters should be considered in fatigue crack propagation
law for a more accurate prediction of the critical crack length and life estimation of
the real structure.
3. The limit state function should be tested for different fatigue load levels.
4. Using different kinds of distribution functions might lead to different
evaluations for suggested statistical data.
5. Playing with various values of the coefficients of variation of input parameters
helps to give more accurate results in knowing which parameter has to be taken
into account to understand reliability analysis criteria.
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6. Re-evaluate the limit state function used in COMREL-TI 8.1software by
computing the correlations among input parameters and using multiple runs for
each parameter.
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Appendix
Job Protocol:
Reliability Analysis by COMREL-TI
Input File Name:
length.iti
Job Comment:
Limit State Function LIMF (1)
Date:
2010

by RCP Consulting Software
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10
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13
14
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Reliability Symbolic Expressions
Legend
FLIM(k)
RFnm(k)
DEFFUNC(k)([n1,...,nN])
FUNC(k)([n1,...,nN])
n1,...,nN
{ Function Comment }
sin(x), sqrt(x), ln(x)
PI, EULER
Alpha, Length, Up
~x, ~t1
123, 4.567, 1.33e-5
+, -, /, *, ^
// Arbitrary comment

fixed
fixed
fixed
fixed
user
user
fixed
fixed
user
user
user
fixed
user

Limit State Function. k is user defined reference number.
Reference Function. nm is a type - 05, 06, 07, 08, 09, 10, 11, 12. k is user defined reference number.
User Defined Function. k is user defined reference number. n1 - nN are function argument names.
Call of User Defined Function. k is required reference number. n1 - nN are required states of arguments.
Argument Names in definition of User Defined Function.
Comment used in Limit State, Reference and User Defined Functions. Can be omitted.
Predefined Functions. See manual for for a reference.
Predefined Constants. See manual for for a reference.
Parsed Symbolic Variables. Automatically inserted in Stochastic Model.
Internal Local Variables. Used internally for temporary calculations.
Numerical Values. Only full range of decimal integer and real values can be used.
Binary operators: Addition, Substruction, Division, Multiplication and Power.
Single Line Comment. Can be used for additional comments inside of Symbolic Expressions.

Definition
FLIM(1){Length}=50 - ((C*((Km^m)*(ki^n))/(Kic-Ks)^p)+(ki/Kic)*Aa)*3000 // a
trailing comment
// a comment line
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Parsed Symbolic Expressions
Limit State Functions
FLIM(1){Length}=
50-((C*((Km^m)*(ki^n))/(Kic-Ks)^p)+(ki/Kic)*Aa)*3000
Variables in FLIM(1)
C
Km
m
ki
n
Kic
Ks
p
Aa

R
R
P
R
P
R
R
P
R

growth rate
max. intensity factor
constant
intensity range
constant
fracture toughness
history intensity
constant
length

Summary Symbolic Variables
C
Km
m
ki
n
Kic
Ks
p
Aa

R
R
P
R
P
R
R
P
R

growth rate
max. intensity factor
constant
intensity range
constant
fracture toughness
history intensity
constant
length

Summary Numerical Constants
user
user
user

-1
3000
50

84

Stochastic Model
U -> X Rosenblatt transformation
General dependent vectors are represented by a Sequence of Conditional Distributions (SCD).
For 2 variables this reads:

 (u )  F ( x );  (u )  F ( x x )
1
1 1
2
2 2 1
1
1
1
x  F (  ( u )); x  F (  ( u ) F (  ( u )))
1
1
1
2
2
2 1
1
Just Normal/Lognormal variables can have correlation coefficients
Legend
Basic random variable (time independent) - Distribution parameters can be functions of p, R and t
Deterministic Parameter
Moments input for distribution parameters
Parameters input for distribution parameters
Sensitivity for Stochastic Variable or Deterministic Parameter is active
Distribution parameter is a real decimal constant

Tabular Form
Kic
Aa
ki
C
Km
Ks
m
p
n

fracture toughness

Lognormal

length

Lognormal

intensity range

Lognormal

growth rate

Lognormal

max. intensity factor

Lognormal

history intensity

Lognormal

constant

Constant

constant

Constant

constant

Constant

= 1.48

= 0.148

= 0.1

= 0.04

= 0.134587

= 0.0134587

= 0.032

= 0.0032

= 0.130989

= 0.0130989

= 0.196483

= 0.0196483

=2
= 0.7
= 1.1
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Graphical Form
Kic - { fracture toughness }
Lognormal Distribution
Moments
Values
Parameters

mean = 1.48
1.48
xi = 1.47266

std.dev. = 0.148
0.148
delta = 0.0997513

1

2.73

0
1.08

0.0168
1.08

2

2

Aa - { length }
Lognormal Distribution
Moments
Values
Parameters

mean = 0.1
0.1
xi = 0.0928477

std.dev. = 0.04
0.04
delta = 0.385253

1

12

0
0.0282

0.0286
0.0282

0.305

0.305

ki - { intensity range }
Lognormal Distribution
Moments
Values
Parameters

mean = 0.134587
0.134587
xi = 0.133919

std.dev. = 0.0134587
0.0134587
delta = 0.0997513

1

0
0.0984

30

0.185
0.0984

0.182
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0.182

C - { growth rate }
Lognormal Distribution
Parameters
Values
Moments

xi
0.032
mean = 0.0320002

delta
0.0032
std.dev. = 0.000102401

1

3.9e+003

0
0.0317

32.6
0.0317

0.0323

0.0323

Km - { max. intensity factor }
Lognormal Distribution
Parameters
Values
Moments

xi
0.130989
mean = 0.131

delta
0.0130989
std.dev. = 0.00171603

1

232

0
0.126

1.88
0.126

0.136

0.136

Ks - { history intensity }
Lognormal Distribution
Parameters
Values
Moments

xi
0.196483
mean = 0.196521

delta
0.0196483
std.dev. = 0.00386167
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1

103

0
0.185

0.821
0.185

0.209

0.209

p - { constant }
Determinisitic Parameter
0.7

Characteristic Values
Kic
Aa
ki
C
Km
Ks

fracture toughness

0

length

0

intensity range

0

growth rate

0

max. intensity factor

0

history intensity

0

Starting Solution
Kic
Aa
ki
C
Km
Ks

fracture toughness

[ -30, 0, 30 ]

length

[ -30, 0, 30 ]

intensity range

[ -30, 0, 30 ]

growth rate

[ 0, 0, 0 ]

max. intensity factor

[ 0, 0, 0 ]

history intensity

[ 0, 0, 0 ]
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Computation Options
NPRI

Amount of Results to File *.R??

IMON

Amount of Monitoring Information

IMET

Method of Probability Integration

IOPT

Optimizer for ß-point Search

NSIMUL

Number of Samples

IALFA

Computation of Sensitivities

IGRF

X-space Gradient Numerical Scheme

MAX1

Maximum Number of Iterations in Algorithm #1

MAX2

Maximum Number of Iterations in Algorithm #2

EPSCON

Convergence Criterion for ß-point Search

SMU

Armijo Line-search Stop Criterion

SIMSTA

Initial Values for Random Number Generator

ITV

Stationarity
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Large
Small
First Order Reliability Method
RFLS
0
Stochastic Variables
Forward Differences
50
50
0.001
0.1
Set 1
No

Numerical Results
**********************************************
----------- Comrel-TI (Version 8) --------------- (c) Copyright: RCP GmbH (1989-2009) ----**********************************************
-----------------------------------------------------------------------------Job name ............ :
length
Failure criterion no. :
1
Comment : Length
Transformation type
: Rosenblatt
Optimization algorithm: RFLS
-----------------------------------------------------------------------------FORM-beta=
1.650; SORM-beta=
-FORM-Pf= 4.95E-02; SORM-Pf=

; beta(Sampling)=
--; Pf(Sampling)=

--------- Statistics after COMREL-TI --------State Function calls
=
38
State Funct. gradient evaluations =
5
Total computation time (CPU-secs.)=
0.02
The error indicator (IER) was =
0
**********************************************
Reliability analysis
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is finished

(IER=
--

0)

Representative Alphas of Variables FLIM(1), length.pti

Kic
Aa
ki
C
Km
Ks
S um of a²
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0.24
-0.94
-0.24
-0.00
-0.00
-0.00
1.00
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